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Abstract 

Reduction of the left regular representation of quantum algebra sl q (3) 
is studied and (/-difference intertwining operators are constructed. The 
irreducible representations correspond to the spaces of local sections of 
certain line bundles over the q-flag manifold. 
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1. Introduction. 



Recently, following the canonical procedure for q = 1 the left regular represen- 
tation, its reduction to infinite family of (reducible and irreducible) representations and 
the g-difference intertwining operators were studied on the examples of Lorentz quantum 
algebra 0, of sl q (2) and its contraction to e q (2) [Q. In this paper we investigate the 
case of sl q (3), a quantization of the simple Lie algebra of rank two. This Hopf algebra, 
besides being computationally more involved, presents some new features which are inter- 
esting enough in order to generalize to the case of sl q (n) and next to q-deformations of 
all semisimple Lie algebras. This will help to understand better the important relation 
between representation theory and geometry of quantum groups. 

Denote by G q the quantum group Fun 9 (G) and by g q its dual U q (g), a quantization 
of the Lie algebra g of G. Recall that the left regular representation L : g q x G q — > G q , 
(a, if) — > C(a)(p, and the right regular representation R : g q x G q — > G q , (a,<p) — > 11(a) (p, 
of g q are defined on G q by, respectively 



where a,b G g q , ip G G q and S is the antipode. 

We shall reduce the left regular representation on the eigenspaces of the right regular 
representation of the Borel generators. Namely, we shall impose the condition that the 
Cartan generators act as a multiplication by fixed numbers (to be specified further) and 
that the other Borel generators vanish. Then some of the remaining generators of g yield 
(via the right regular representation) interesting intertwining q-difference operators, the 
kernels of which provide a further reduction. This method yields a natural q-deformation of 
several equations of mathematical physics, which possess a symmetry group and which can 
be viewed as intertwiner between some representations of the Lie algebra of the symmetry. 
It may be helpful also in the inverse problem of finding the symmetry behind a given 
q-difference equation. 



(C(a)<p)(b) = <p(S(a)b) 



(1.1) 



(K(a)<p)(b)=<p(ba), 



(1.2) 
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2. Preliminaries on sl q (3) and SL q (3) . 

The generators of SL q (3) (quantization of the algebra of complex functions on 
SL q (3) ) are the unit 1 and Uj, with i,j = 1, 2, 3; arranged as a 3 x 3 matrix T, satisfying 
the commutation relations 

RT 1 T 2 =T 2 T 1 R (Ti = T ® J, T 2 = I®T) , (2.1) 

where 

3 3 3 

# = g ^ en ® en + ^2 e " ® e ii + ^ ei >J ® ^ ' ( 2 ' 2 ) 
with A = q — q~ x . More explicitly, we have: 



*11*12 = 9*12*11, *11*13 = 9*13*11, *11*21 = 9*21*11, 
*11*31 = 9*31*11, [*ll,*23j = A*i3*21, [*ll,*32j = Ati2*32, 

*22*12 = 9 1 *12*22, *22*13 = *13*22, *22*23 = 9*23*22, 

*22*21 = 9 1 *21*22, *22*31 = *31*22, *22*32 = 9*32*22, 
[*33,*12] = _ Ati3t32, *33*13 = 9 1 *13*33, *33*23 = 9 1 *23*33, 
[*33,*2l] = — A*23*31, *33*31 = 9 1 *31*33, *33*32 = 9 1 *32*33, 
[*11,*22] = Ati2*21, [*11,*33] = A*i3*3i, [*22,*33] = At23*32, (2-6) 



(2.3) 

(2.4) 
(2.5) 



*12*13 = 9*13*12, *12*21 = *12*21, [*12,*23] = Ati3t22, *12*31 = *31*12, *12*32 = 9*32*12, 

(2.7) 

*13*21 = *21*13, *13*23 = 9*23*13, *13*31 = *31*13, *13*32 = *32*13, (2.8) 
*21*23 = 9*23*21, *21*31 = 9*31*21, [*21,*32j = At3it22, (2-9) 
*23*31 = *31*23, *23*32 = *32*23, (2-10) 
*31*32 = 9*32*31- (2-H) 

An additional relation is 

Det q = *n(*22*33 - 9*23*32) - 9*2l(*12*33 ~ 9*13*32) + 9 2 *3l(*12*23 ~ 9*13*22) = 1 (2.12) 

which can be written also in equivalent form as 

Det q = *n(*22*33 - 9*23*32) - 9*12(*21*33 ~ 9*23*3l) + 9 2 *13(*21*32 ~ 9*22*3l) = 1 (2-13) 
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Considered as a Hopf algebra, SP q (3) has the following comultiplication A, counit e, and 
antipode £ given on the generators by: 

At i:j =t ik ®t kj (2.14) 

etij = 5ij (2.15) 

SUj = (T-%, (2.16) 

For q = q, with the *-conjugation (complex anti-linear algebra anti-involution and co- 
algebra involution) t*j = Stji, SP q (3) becomes a Hopf *-algebra denoted SU q (3) . 

As generators of the algebra sl q (3), dual to SL q (3), we shall use the unit 1 and the 
functionals which have been introduced in 0: if with i < j; l~- with % > j; if and 
1^, where i,j = 1,2,3. When arranged in upper- and lower-triangular matrices L 1 * 1 , 
respectively, they are defined by the duality conditions 

{L ± ,T x ...T m ) = Rf...R± 1 for m = 1, 2, . . . ; (2.17) 

where for 1 < £ < m, Tjjf act in the I th factor; Rf act in the (0, £) th factor of ((Z7 3 )®(" 1+1 ); 
R + = PRP , R~ = R- 1 and P G Mat(<F 3 ® W 3 ) is the permutation matrix. 

The commutation relations are 

R~^~ pf pf = pf pf R~^~ , R~^~ Lf = P^ PfR~^~ . (2.18) 
Additional relations are: 

ltJu = 1, * = 1,2,3; (2.19) 

^11^22^33 = ^11^22^33 = 1 • (2.20) 

The Hopf algebra structure is then given by 

AZ± = if ® 1% (2.21) 

el% = 8^ (2.22) 
and the antipode which is defined as for T with the replacement of q by q~ x . The if- can 



be expressed in terms of more popular generators q Hi ,Xf, i = 1,2 via: 

Q 1 = ^11(^22) > Q 2 = ^11(^22) ' 

Xf = X-^mUlti)- 1 ' 2 ^)- 1 ^ Xf = X-\-^lUlti) 1/2 , (2-23) 
X- = -A- 1 ? 1 /6 Z - (z + ) i/2 (z + ) i/ 2) x - = _ A -y/e,- (z +)-i/ a . 



They satisfy the following commutation relations: 



[H it Hj] = 0, [H^ Xf] = ±(0*, a d )Xp, 
[Xf,Xr]=5 ij [H i ] , i,j = 1,2; 

f^(-l) k q Hk-rn)( az , az )/2( X ±^k x ±( X ±^rn-k = q^- ^ 

k=0 ^ ' a 



where [Hi] = ^(^-i)^ , m = 1 - Ay and ^ ^ 



? g *-<r gi ) ^ / TO \ _ (g T "-i)(g m - 1 -i)-(g m - fc+1 -i) 

(9*-l)(<I*-i-l)...( g -l) 



(2.24) 



The Hopf algebra structure is then given by 

A(Hi) = Hi®l + l®Hi, A(Xf) = Xt®q~ Hi/2 + q Hi,2 ®Xf (2.25) 

e(Xf ) = 0, e(Hi) = (2.26) 

S(X±) = q- p X±q^ S{Hi) = -H (2.27) 
with p = Y1 H a /2, where a belongs to the set of positive roots. 



3. The left regular representation of sl q (3) on SL q (3) . 

It can be easily seen from the definition ( |1 . 1| ) that the left regular representation of 
ifj amounts to a multiplication of the generator matrix T from the left by, respectively, 
the numerical matrices : 

J 0\ /0 0\ /0 0' 

(Sl+,T) = q*\0 1 \,(Slt 2 ,T) = -q 1 3\\ 1 ) , (57+ , T) = -g* A ( 
1 

1 0' 

(5Z 2 - 1 ,T) = g-U( ],(Sl+,T) = q*{ \ o],(Sl+ 


1 

(^ 3 - l5 T) = g-tA( |,(^ 3 - 2 ,T) 












(i 
















(I 











1 
<J 





V0 















{ 

















7 + 




5 



Similarly, the right regular representation amounts to a multiplication of T from the right 
by, respectively, 

(q 0\ /0 0\ /0 0' 

(T,Z+)=g-M0 1 ) i (T,l+) = q-$\ 1 , (T, Z+) = A 
\0 1/ \0 0/ \1 

/0 1 0\ /l 0\ /0 0' 

(T,/ 2 " 1 ) = -^A ,(T,l+) = p O g , (T, Z+ ) = g"*A 
\0 0/ \0 1/ \0 1 

/o l\ /0 0\ (\ 

(T,/ 3 " 1 ) = -^A o ,(T,y = - g h 1 ,(T,!+)= g -5 i o 
\0 0/ \0 0/ \0 q 

(3.2) 

As an (overcomplete) basis of SL q (3) we can take the following ordered monomials: 

4-fi j.nn + ni2 j.n 33 /o q\ 

t — . t n t 12 ... t 33 , \°-°) 

where n =: (nn, ni2, . . . , 7^33) with G ^+ and we use (unless otherwise stated) the 
usual ordering, i.e. first according to the row index and, then, the column index. 

In the sequel we shall need an independent basis for SL q (3) which we believe must 
be known, but we have not been able to find it in the literature for SL q {n) with n > 3. 
In order to obtain such an independent basis we have to restrict the elements t n by the 
det q = 1 condition (|2.2|) . We proceed as follows. 



Assume for a moment another ordering according to which the maximal power 
(^11^22^33)^, where p = min{nn, 77,22, W33}, of product of diagonal generators tn, t<ii and 
£33 come first, then the remaining powers of (at most two of) tn and finally the other 
generators Uj, i 7^ j, in the usual order. (This is a convenient choice, inessential for the 
outcome). Using ( |2~2| ) , ^11^22^33 can be expressed as a polynomial in tij of degree at most 
one in any of the generators tn, £22 and £33. Unfortunately, by reordering we may raise 
the degree in the diagonal generators. However, by analysing the commutation relations 
( |2.3| )- ( [2. 11| ) we see that some of them (of the exchange type) are innoquous. Those which 
are of the commutator type and between the diagonal generators produce only the non- 
diagonal generators tij and lower the degree of two diagonal generators. Next, those of 
the commutator type between the non-diagonal generators produce at most one diagonal 
generator (namely £22)- Altogether, there is a net lowering of the complexive degree of the 
product t\ 1^22^33 ■ By iteration, this allows to lower consistently this degree up to reaching 
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the situation when one of the diagonal generators is not present. Finally, by excluding the 
overlapping cases we arrive at the following result: 

The independent basis in sZ 9 (3)consist of three sectors composed by the elements t n with 
one of the following restrictions: 

(/) n n = 

(//) n n >l,n 22 = (3.4) 
(III) nn > 1, n 22 > 1, n 33 = . 

Now, by iterating the twisted derivation rules for sl q (3) 

k 

n{i±)^ = Y. n ^ k )v-ni%)ip i 

k 

we obtain the action of the representation £ on t n which we give in the Appendix 

4. Reduction and intertwiners. 

We impose the conditions of the (infinitesimal) right covariance on the independent 
basis for SL q (3) . First, we consider only those functions if) (i.e. the multilabels n) on 
which 

K(l±)^ = 0, i<j . (4.1) 

By these conditions some of the indices have to vanish, but for some other there is a 
possibility of compensation between various pieces, c.f. (A 10-12). This requires solutions 
to be of the form of infinite series. Instead, we shall assume invertibility of some (special 
combinations of) generators tij and may recover the series by formal expansion of the 
inverses in q. By a deeper look, we see that the solutions of have to be built from 

generators ^3 in the last column and from minors run of the first column (my is the 
minor of tij, i.e. the q-determinant of T with i th line and j column removed). Due to 
( |2.12| ) one of them is dependent on the rest and we choose to delete rrizi- Next, we impose 
that on ip 

K(l£)1> = expri V> , (4-2) 
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(3.5) 
(3.6) 



for i = 1, 2 (the case i = 3 is not independent due to ( 2.20Q ), where the labelling numbers r\ 



and of r 2 will be specified further. We note the multiplicative property of the eigenvalue of 
T^ilfj) with respect to the product of eigenvectors and note that consequently the quotients 

t i3 tj3 and 

m n m ji have eigenvalue 1. Among them, we choose to work with the following 
three independent combinations: 

wi = ti 3 t^ , w 2 = t 23 t 33 , w 3 = m 21 m^ , (4.3) 

where m 21 = t 12 t 33 - qt 13 t 32 and m u = t 22 t 33 - qt 23 t 32 . 



Instead, in order to solve Q4-2| ) , we employ the combination Trv[\ t 3 2 3 , with ji,j 2 to be 
determined in terms of r±, r 2 . Indeed, we get 

ri = ~(h + 2ji)V 3 ) r 2 = +j2)h/3 , 

where q = exp/i. Thus, since ji, j 2 € the admissible values of r\ and of r 2 have to 
be quantized in units of h/3. Finally, the basis in the space 7j, j =: (ji,j 2 ), of common 
solutions of (|4.1|) and consist of the ordered monomials: 

<%=:w?w?w?m&1& , (4.4) 

where ni,n 2 ,n 3 G 2Z+. In this way we obtain an infinite family of reduced representation 
spaces 7j, indexed by the integers ji,j 2 - 

It is remarkable, that the three independent variables u>i form a closed algebra: 

wiw 2 = qw 2 u>i, wiw 3 = q~ 1 w 3 wi, w 2 w 3 = qw 3 w 2 + Xwi. (4-5) 
We give also some relations useful for the following computations: 

w 3 w 2 = q~ n w 2 w 3 + Ag _1 [n]iWitW3 _1 , w 3 W2 = q~ n w 2 w 3 + \q~ n [n]wiW2 _1 . (4.6) 
Moreover, the two 'spectators' ^33 and m\\ commute: 

£33^11 = m xl t 33 (4.7) 
and have the following commutation relations with the variables Wi\ 

w\m\\ = qmnWi, w 2 m\\ = mnw 2 , w 3 m\\ = qmnw 3 , (4-8) 




«^33 = 9*33^1) «^33 = <^33^2, W 3 t 33 = t 33 W 3 . (4.9) 

We note that our Wi are also the relevant variables as far as the global covariance is 
concerned. This can be seen from the Gauss decomposition of T : 

' t lx - wrf^ m 12 -wit 31 \ / 1 0' 

t 33 m ii I m^~ 1 1 mi2 1 

t 33 J \ £33 £31 ^33*32 1 

(4.10) 

By a lengthy but straightforward computation, iterating the twisted derivation rules, we 
obtain the explicit formulas for the representation in 7j : 

£(Z+)0? = _Ag 1 -^-n3 + (2ji+j 2 )/3[ n2 ]0n 1) n 2 -l,n 3 + Xq l-n 2 Hh~h) j^i^ns+l 

(4.11) 

£(Z+)0f = ^-^^[n^^-n^-nW^^ 

(4.12) 
(4.13) 



3 JiJr 3 * JJr J 

£(/+3)^=AQ 1 -^+^-^)/ 3 [n 1 -n 2 -n 3 -ji+j 2 ]^ 1+1 ' n2 ' n3 
+ \q 2 ~ ni ~ n2+ ( j2 ~ jl ' )/3 {j 1 -n 3 }(j)™ 1,n2+1,n3+1 



£(Z+)0J = g -»i-»3 + (2ji+i 2 )/3^n (414) 
£(/+ )0» = 5 -»2+n 3 + (j 2 -i 1 )/3^ ( 415 ) 
£(Z+)0| = g »i+»2-(ii+2i2)/30n ( 4J g) 

£(/-)^ = A<f i- 1 ^' 1 -^/^]^ 1 '™ -1 + A ? n2 - n3+ ^- j2 )/ 3 [ni]^ 1 - 1 ' n2+1 ' n3 (4.17) 

£(/- )0» = Ag- 1+ ^ 1+2j ' 2 ^ 3 [n2]^ 1,n2 ~ 1,n3 (4.18) 

£(/ 3 -)^ = A ^ 2 - 1 +^+ 2 ^)/ 3 [n 1 ]^ 1 - 1 ' n2 ' n3 . (4.19) 

So far we have restricted the left regular representation to (infinite dimensional) subrep- 
resentations Tj. The restricted functions depend effectively only on the variables Wi since 
for each fixed j the factor rrv[\ t J 3 2 3 is fixed. In order to pursue the reduction till the end 
and get the functions depending manifestly only on Wi we associate with each e Tj a 
function 0, by the formula 

= m^' 1 t 3 T • (4-20) 
We note that we have actually a freedom to work with variables proportional to w^, 
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(4.21) 



where Cj are constants depending on q and j. (This leads to an equivalent representation). 
In order to simplify the formulae we choose 

d = C 2 = g 1 -0'i+2i 3 )/3 j Cs = q i+(h-h)/3 _ ( 4 22 ) 



The representations Q4.11| )- ( [4. 19|) acting in 7j, induce the following transformation rules 
on the basis z^z^z^ 3 : 

C(l+ 2 )z^z^z^ = -A ? 2 - n2 - n3 +^- j2) / 3 [n 2 ]4 1 ^ 2 - 1 ^ 3 +\q- n2 [n 3 -j 1 }z™ 1 z 2 l2 z™ 3+1 

(4.23) 

£(/+)4 1 4 2 ^ 3 = A g ni+W2 - J ' l)/3 [n 3 ]4 1+1 4 2 4 3 " 1 +A[ni^2^3-i2]4 1 4 2+1 4 3 
£(/+)4 1 4 2 4 3 =AQ- ni - n2+(2j2+Jl)/3 [ii-n 3 ]4 1 4 2+1 23 3+1 



+ A? -n 2 +2i 2[ni _ n2 _ n3 _ ii+i2 ^n 1+ l^ 2 ^3 

£(}ii)zT z ¥ z T = q- ni - n3+i2ji+J2)/3 z^z^ 2 z^ 

r(l+ \ -y ni -y n2 -y™ 3 — /1 -"2+n 3 + (i 2 -ji)/3 m n 2 n 3 
■ L 'l t 22J^l ^2 ^3 — y ^1 z 2 ^3 

^/I+^ni 7 «2 33 _ n n 1 +n 2 -(ji+2j 2 )/3 n-L n 2 n 3 
'-'V'SS) 4 '! ^2 ^3 ~~ y ^1 ^2 ^3 

^(/-J^^^ 3 = A^K]^ 1 ^ 2 ^ 3 " 1 + Ag n2+n3+(jl - j2) / 3 [n 1 ]4 1 - 1 4 2 4 3 

£(/ 3 -)^4 2 ^ 3 = AK]^^ 2 - 1 ^ 3 

A^K 1 ^ 3 = A<r [niK 1_1 4 2 4 3 



4.24) 
4.25) 



4.26) 
4.27) 
4.28) 
4.29) 
4.30) 
4.31) 



These expressions define the representations Cj which act in the (same for all j) space 7j of 
polynomials <j> in Zi (which as a linear space is just Too). (Note however that the concrete 
form of Zi depends on j; we do not indicate this dependence explicitly in order to simplify 
the notation). Using the operations Mi, rescaling the variable z% — * qzi, the q-derivative 
Dif = (Mi — M~ 1 )f/(q — q~ x )z and the operator Zi, multiplying by the variable Zi, all 
of which by convention act directly on the i th place in the ordered monomials, we obtain 
the following reduced q-differential representation : 

£(/+) = -\q 2 +^-^y 3 M- 1 M- 1 D 2 + X(q~ J1 M 3 - q jl M- 1 )M~ 1 Z 3 (4.32) 

C(l+ 3 ) = -\qV*- jl V 3 MiZiD 3 + X(q- j2 M^ 1 M 2 - 1 M 3 - q n M 1 M 2 M 3 ~ 1 )Z 2 (4.33) 
C(l+) =Xq^ 2j2+jl ^ 3 (q jl M 3 - 1 - q n M 3 )M^ 1 M 2 - 1 Z 2 Z 3 

(4.34) 

+ A^ 2 (^ 2 - J1 M 1 M- 1 M 3 - 1 - q J1 - j2 M- 1 M 2 M 3 )M~ 1 Z 1 
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C(l+) = q( 2 3i+h)/3 M -i M -i (4_3 5 ) 

C(l+ 2 ) = qfa-'^M^Ma (4.36) 

£(/+) = q -^+ 2 ^l z M x M 2 (4.37) 

t{l 2l ) = AM1D3 + \q ( - J1 - j2)/3 M 2 Mz 1 D 1 (4.38) 

t{q 2 ) = XD 2 (4.39) 

C(l 31 ) = XM 2 D 1 (4.40) 



We remark, that although originally we have assumed ji,j 2 G the formulae ( |4.32| )- 
( [4.4(J| ) define a representation 7j of sl q (3) also for arbitrary ji,j 2 G W. However, only 
for ji,j 2 G Z, they comprise a deformation of representations which are integrable to a 
representation of the group £X(3, (IJ). 

Now we consider the right regular representation (A 16-18) of the remaining generators 
on (fij and restrict it. It turns out that for any ji, j 2 there are always unwanted terms like 
mi2 or m 22 in the image of TZ(l 31 ) and we do not consider this operator any more. Instead, 
we have 

m 21 )<Pf = \ q ^-^/\q^-^}w^w^w^- l m{\-h^ +1 

. 1 . (4.41) 
- [ 3l ]w^w^wrm{\- V 3 > 12 ) , 

n(l^ 2 )(j)f = -Xq^-^^iq^+^-^-^n^w^w^w^ 3 +1 m{\ +1 t J 3 2 3 ~ 2 

+ q^^-^-^n^w^w^w^m^hf- 2 (4.42) 
+ [j 2 ]w^wrwrm{\t 3 l- 1 t 32 ) . 

Thus for 1Z(l 21 ) and for 1Z(l 32 ) the unwanted terms (with t 32 or mi 2 ) are not present 
precisely when ji = and j 2 = 0, respectively. Then, in fact, we obtain two intertwiners: 
the restriction of 7Z(l 21 ) to %j 2 which maps into 71 2 ,j 2 +i an d the restriction of 7^(^ 2 ) 
to Tj 1 fi which maps into Tj 1+ i^ 2 . By similar computations (first for the squares of these 
operators and then by induction) one obtains a family of other intertwiners 

^2~i) Jl+1 = Th,h - T -h-2,h+h+l, for ji G Z+ , 32 G W (4.43) 

n& 2+1 ■■ ?h,h - Th+h+l,-h-2i f o r h G ^+ , Ji G (T (4.44) 
There are also some mixed intertwiners : 

m^ 2 y 2 + 1 n(i 21 y^ 1 ■. r jl>h , , - r J2 _ J1 _ 1 ,_ J2 _ 2 , for j u j 2 e (4.45) 
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n(l^ +1 n(l^ +1 : T h _ h _ ld2 -> r_, 1 _ 2Jl _ i2 _ 1 , for i!,i 2 G (4.46) 

In the same way as for the left-represented operators we perform the explicit reduction to 
the space 7j of functions of the variables Z{. Keeping track of the changes of indices n and 
of the labels j, on which the coefficients C$ depend, we obtain the two basic intertwiners 

^(^iK'^a 3 = M 1+2n/3 D 3 , (4.47) 
^feK 1 ^? 3 = -\q X ~ hlZ B x Z z - Xq 1 - 2jl/3 M 1 D 2 . (4.48) 

The other intertwiners can be easily obtained by observing that the explicit formula for 
the intertwiner corresponding to product of (any number of) and l 32 is just the product 
of the basic intertwiners 

^terfeD = {ni^Y 2 ini2i)) J1 ■ (4-49) 

They clearly satisfy 

(7^(/ 2 - 1 )) ji+1 • 4,, 2 (4) = £-h-2,h+h+i(iit) ■ {ni 21 )) n+1 , (4.50) 
(^(/ 3 " 2 )) J2+1 ■ 4a('£) = 4+*+i,-i a -2(i£) • (nis 2 )Y 2+1 , (4.5i) 
^((i2i) n+1 (& 2+1 ) ■ £n-h-i,iMi) = £-h-2,h-h-i(iii) ■ ^((^i) J1+1 fe) J2+1 ) , 

(4.52) 

£(fe) J2 + 1 fe) Jl + 1 ) • = 4-^-1,-^-2(4) ■ ^((/3-2) J2 + 1 (/ 2 -l) Jl + 1 ) , 

(4.53) 

where we have explicitly indicated the labels of the representations C. These intertwiners 
give rise to a various partial equivalences between some Tj. In particular, the kernels 
of these intertwiners form invariant subrepresentations. Thus, for generic ji,j 2 G @ the 
representations 7j are irreducible except for ji G or ji G when they are reducible. 
To study further the reducibility, we note that all the intertwiners which act on 7j for 
given jx,j 2 G -2^+, contain as a last factor either the j± + 1 power of the basic intertwiner 
( |4.47|) or the j 2 + 1 power of (|4.48| ) . Thus it is sufficient to consider only the kernels of two 



intertwiners Q4.50| ) and ( |4.51| ) . It turns out that their common intersection are irreducible 
(sub)representations and have the dimension d = (j'i+l)(j2+l)(l+0"i+j2)/2). They consist 
of polynomials in z% of limited order, depending on % and on j, and are q-deformation of the 
well known representations of si (3). In particular, {1, zi, z 2 } is a basis of 3 9 = ker7^(/ 2 ~ 1 ) D 
ker(^(/ 3 - 2 )) cT 0il ,{l, Zs, Z2Z3~q 1/3 zi} isabasisof 3* = ker(7t(/ 21 )) nker7^(/ 32 ) C T 1>0 
and {1, Zi, z 2 , z 3 , z x z 3 , z 2 z 3 , q 1 / 3 (l+q)z%z 3 - \2\z\Z 2 , q 1 / 3 [2}z 1 z 2 z 3 -(l+q)zf } is a basis 
of 8 q = ker(n(l 21 )) 2 f]ker(n(l 32 )f C f M . 
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5. Final remarks. 



In this paper, the method previously applied to simpler examples, has been extended 
to SL q (3) . It permits to obtain in a canonical way some important (reducible and ir- 
reducible) representations of sl q (3) and their intertwiners, and links intimately to what 
should be a q-analogue of the (infinitesimal) Borel-Weil construction. The reduction pro- 
cedure corresponds in fact to working on the quantum three dimensional complex flag 
manifold F g (l,2;3) (the quotient manifold of SL q (3) by the Borel subgroup), c.f. ||, 
|J. This is indeed the case for the representations inside the Weyl chamber (jj ■ j 2 ^ 0), 
while the representations with j\ or j 2 = live, as in the previous simpler examples, over 
the q-projective spaces (or q-grassmannians) . Our functions are local representatives of 
global sections, like e.g. mW £g|, of some quantum line bundles over F q (l, 2; 3). This holds 
over one particular patch, coordinatized by the variables Zi (or Wi), corresponding to the 
requirement of invertibility of mn and £33. 

We mention that this approach which relies on the infinitesimal covariance and the 
use of representations of g q , though closely related, seems to be conceptually simpler 
than what should be a q-analogue of induced representations (i.e. working with the global 
covariance under the co- representations of G q ) , see for example [[F| , || , |J , |TI| . A detailed 
comparison of these two methods and the geometry of the quantum homogeneous space 
F q (l, 2; 3) will be discussed in the forthcoming paper. 
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Note added The Heisenberg realization of U q sl(n) in terms of q-diflerence operators on 
the flag manifold is presented in After submitting this paper, we have been also 

informed about [|12|, which has overlap with our results. 
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Appendix. 

Denote s = |(nn + ni 2 + . . . + n.33). The action of the representation C on 
tH 1 t\f . . .tgg 33 is given as follows: 

= - V(? 1_ni2_ni3 " n21 [w2i]*u 11+1 • • -^i 21 " 1 • • -*ra 3 

+ ? 1 - n2i - n22 - ni3 [n 2 2]tii 11 ^ 2 i2+1 . . .tif- 1 . ..q 33 

+ ? 1 - n21 - n22 - n23 K 3 ]tn 11 • • -ti3 13 + 1 • • .^f" 1 • • -*33 3 ) 

= - Xq S (g 1 -"22-n 2 3-n 3 i [ n21 ]t»ii . . .fgi+l . . . t »si-l . . A nss 
+ g 1 -^3-n 3 i-n 32 [ n32 ]t-ii . . . £22+1 _ _ _ ^|2-l £ n 3 3 
+ 9 1 --2l-n 32 -n 3 3 [ n33 ]t«ii . . . ^|3+1 _ _ _ £33 -1) 

= -Ag 1 - n31+fl (g- ni2 - ni3 - n21 [n 3 i]*n 11+1 • • .t^ 1 ' 1 . . . f 1 ' 33 



33 



33 



+ ? - ni3 - n22 - n32 [n 3 2]tn 11 ^ 2 12+1 . . .*3| 2_1 ^f 

+ q,- n 23-"-32-n 33 [nggjt^ 1 . . .££13+1 _ _ .^|3-1) 



+ X 2 q 1 ~ n ' 31+S (g 1 --2i-n 2 2-n 13 -n 12 ^ [^j^ii + l . . . £2l + l£22-l _ _ _ £31 
+ ? l-^22-n 23 [ n31 ][ n23 ]^ll . . .t£3+l f n al+ l . . .^23-1 . . . t »31-l . . .£33 

+ 9 1 - n23 - n32 [n 23 ][n 32 ]C 1 . . .^ 3+1 • • .^f+^r- 1 • • .^I 2 " 1 ^! 3 ) 

= g s -™n-™i2-™i3^ 
£(/ + )r = g s -™2l-n 22 -n 23 ^n 
= g s -^3l-n 32 -n 33t n 

£(Z5i)* fl =Xq- s (q nil+ni2+n23 [nis]t n 1 i 1 . • -t^ 3 " 1 . . . ^f+^f 

1 „^n+n 22 +n 23 r i.nn.ni2 — 1 + n 22 + l ,n 33 
~+~ 9 [ n 12j I H r 12 •■• I 22 ••• r 33 

+ Q n21+n22+n23 [n 11 ]^ 1 11 - 1 . . .t^ 1+1 . . -tgl 3 ) 
£(/ 3 - 2 )r =A ? - s (^ 21 +^ 2 +" 33 [n 23 ]^ 1 . . .^f- 1 • • .^ 3 33+1 

_l_„n 2 i+n 32 +n 33 r l.nn + n 22 — 1 j.n 32 +lj.n 33 
"ry L' t 22j«'il •••''22 • • • t 32 l 33 

+g»3i+n 33 +n33[ 7l2i ] t n 11 _ _ _£ 21 -1 _ _ _£ 3 i+l _ _ _£ 33 ) 
14 



_l_ „nii+n 2 2+n 3 2 r ly.nii .m 2 -l j.n 32 +l.n 33 
"T 9 L"12J C 11 r 12 ••• I 32 r 33 

+ g»3i+n 31 -n 3a [n^^" 1 . . . + 1 _ _ _ £ n 33 ) 

+ A 2 g"»» - ( ? »" +naa [ ni2 ] [n 23 ]t^ . . . t\f~ x . . . tg a+1 tg»" 1 . . . t 
+ ? n21+n22 [n 11 ][n 23 ]^ 1 11 - 1 • . .f£ 1+1 • • .^f" 1 • • -*33 33+1 

+ r+^lmilNC" 1 • • •*S' +1 *S a_1 • • •*32 3a+1 *33 33 ) 



TZ(l+ 2 )r =Xq n32 - s (q nil+n21 [n 3 i]t 7 li 1 . . . *£j ,1_1 *$ 2+1 *£| 3 

I „nn+n 2 2 r„ U"n j.n 2 i-l .n 22 + l j.n 33 
+ 9 L n 2lJCn •••t 2 i I 2 2 ••• I 33 

+ Q ni2+n22 [nn]^ 1 11 - 1 ^ 2 12+1 . . .t£f ) 

+ q n ^ +n ™[n 22 ]t^ . ..tlf-Hlf^ 1 . ..*»»» 
+ ^-^[n!,]^ 1 ^ 2 - 1 ^^ 1 . . .*»» ) 

= Ag n33 - a (g nil+n21+n32 [n 3 i]*?i 1 ...^ 1_1 ...*3| 3+1 
+ ? nil+n22+n23 [n 21 ]^ 1 11 . . .t 21 21_1 . . .t 23 23+1 . . . tg| 3 
+ g»i3+»i 2 +«23 [nn]^! 11-1 . . . ti 3 13+1 . . . t^ 3 ) 

+ A 2 g n33_s (g n n+ n 22 \n 2 {\ \n 32 \t\\ x . . .^f- 1 ^ 2 22+1 . . .tlf- 1 . . .^ 33+1 
+ ? ni2+n22 [n 11 ][n 32 ]^ 1 11 - 1 ^ 2 12+1 • • .t32 32 "^33 33+1 

+ r^hiiM^ 11 - 1 ^ 41 . . .^i 2 - 1 ^3 23+1 • • -*33 33 ) 

= g -s+nn+n 21 +n 31t n 
K{lt 2 )t n = g s +^i2+n 2 2+n 33 ^n 
K{lts)t n = q s + n ^+n 23 +n 3H n 

K{l 21 )e = - A 9 1 - ni2+s ( ? - n21 - n31 [ni 2 ]^ 1 11+1 ^ 2 12 - 1 . . .^g 33 

I „-"22-n3l r„ U n n j.n 2 i+l .n 22 — 1 + n 33 
+ y L n 22jtn •••' : 21 I 22 •••' ; 33 

+ q,- n 22-n 32 [n 32 ]til 1 . . .f£ 1+1 • . .tJf-^Ss 88 ) 

ft(Z")r = - A 9 1 - ni3+S (g-^2-n 3 2 [ ni3 ]t»ii t ni 2 + l t ni 3 -l _ _ _ f 
+ ? -" 23 -" 33 [n 33 ]C 1 • • •t32 32 + 1 ^33 3 " 1 ) 



-n 33 
33 



i™33 

^33 
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'q-ni2— n 2 i-n 31 


[ni 3 ]f?i 1+1 ... 


y.ni 3 -l . 


_|_ g — "22~ "23~ 


n31 Mt^l 1 ■ ■ 




+"23 

• fc 23 


-1 f"33 

• • • c 33 


_|_ g-"23~"32- 


■""[nssl^i 1 -. 


j.n 3 i + l 
. t 31 


f"33 

• '33 





"33 

33 



+ A 2 ? 2 -" 13+s ( g -" 22 -" 3 Hn 13 ][n 22 ]^ 1 1 U^ +1 ^f- 1 ^f +1 ^f- 

+ Q- n22 -^^13][n 3 2]tii 1 ti 2 12 + 1 ti3 13 - 1 • • •t31 13 + 1 ^32 32 "^33 33 
+ g^-^KlklC 1 • • •t22 22 + 1 ^3 23 " 1 ^l 31+1 ^32 32 " 1 ^3 3 ) • 
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